
Spiral plat
avec courbes terminales

Courbes externe et interne

Anisochronisme en position V 

Spiral plat avec courbes terminales externe et interne 

Poids du spiral et anisochronisme en position verticale

Cas d'une montre bracelet

Caractéristiques du spiral dextre

Référence :C:\Résonateur (TA)\Data\Bal_spiral plat (ex num).mcd(R)

Référence :C:\Résonateur (TA)\Data\Définition Atan.mcd(R)

Dimensions ép 0.03mm= ha 0.15mm= S 4.5 10
3−

× mm
2

= TOL 10
12−

:=

d2sp 4.52mm= dV 1.1 mm⋅:= dB 1.312 d1sp⋅:= psp 0.135mm= nsp

d2sp dB−

2 psp⋅
:=

L π
nsp

2
⋅ d2sp dB+( )⋅:= L 10.674 cm= ψ0 2 π⋅ nsp⋅:= ψ0 4.102 10

3
× deg=

Position du point de raccordement sur le spiral αA π:= rA 0.5 d2sp⋅:= zA rA e
i αA⋅

⋅:=

Forme initiale du spiral

a
psp

2 π⋅
:= rs α( ) rA a α αA−( )⋅−:= x0s α( ) rs α( ) cos α( )⋅:= y0s α( ) rs α( ) sin α( )⋅:=

s α( )
1

2 a⋅
rA

2
rs α( )

2
−



⋅:= s α( ) rA α αA−( )⋅

a

2
α αA−( )2⋅−:=

Courbe terminale externe

rt1 0.8:= rt1 racine 2 rt1⋅ 1−( )4 4 1 rt1−( )4⋅− π
2
rt1

2
⋅ 1 rt1−( )2⋅− rt1,



 rA⋅:= rt1 0.832 rA=

rt2 2 rt1⋅ rA−:= rt2 0.665 rA= β0 arctan
π rt1⋅

2 rA rt1−( )⋅









:= β0 82.695 deg= lt rt2 β0⋅ π rt1⋅+:=

x0t1 αt( ) rA− rt1 1 cos αt( )+( )⋅+:= y0t1 αt( ) rt1 sin αt( )⋅:=

x0t2 β t( ) rt2 cos β t( )⋅:= y0t2 β t( ) rt2 sin β t( )⋅:=

Courbe terminale interne αB mod ψ0 π+ 2 π⋅,( ):= αB 322.4deg= rB 0.5 dB⋅:=

β 121 deg⋅:= β´0 racine β 2 sin β( )⋅ 1−( )⋅ sin β( ) cos β( )⋅+ β, := β´0 121.21 deg=

rt´

rB

2 sin β´0( )⋅
:= rt´ 0.827 rB= x0t αt( ) rB− rt´ 1 cos αt( )+( )⋅+:= y0t αt( ) rt´ sin αt( )⋅:=

x0t´ αt´( ) rB rt´ 1− cos αt´( )+( )⋅+ cos αB( ) rt´ sin α t´( )⋅ sin αB( )⋅−:= lt´ rt´ 2⋅ β´0⋅:=

y0t´ αt´( ) rB rt´ 1− cos αt´( )+( )⋅+ sin αB( ) rt´ sin αt´( )⋅ cos αB( )⋅+:= Lt lt L+ lt´+:=

Position des goupilles

de raquettes
rGR rt2:= αGR β0−:= αGR 82.695− deg=

xGR x0t2 αGR( ):= yGR y0t2 αGR( ):=

Position du point

d'attache à la virole
rV x0t´ 2 β´0⋅( )2 y0t´ 2 β´0⋅( )2+:= αV θ( ) Atan x0t´ 2 β´0⋅( ) y0t´ 2 β´0⋅( ),( ) θ+:=

rV 0.55mm= αV 0( ) 216.447deg= xV θ( ) rV cos αV θ( )( )⋅:= yV θ( ) rV sin αV θ( )( )⋅:=

Amplitude stationnaire du balancier θ0 270 deg=

SP avec CT_externe et interne - Anisochronisme en pos V.mcd 1/9 



Spiral plat
avec courbes terminales
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Anisochronisme en position V 

Moment quadratique de section

Référence :C:\Résonateur (TA)\Tables\Modules J, I et W des barres élastiques.mcd(R)

I33 If_rect ép ha,( ):=

Calcul du déplacement de centre de gravité

z0s α( ) x0s α( ) i y0s α( )⋅+:= z0t1 α t( ) x0t1 αt( ) i y0t1 αt( )⋅+:= z0t2 β t( ) x0t2 β t( ) i y0t2 β t( )⋅+:=

σ2
1

Lt π

π ψ0+

αz0s α( )( )2 rs α( )⋅
⌠

⌡

d

0

π

αtz0t1 αt( )( )2 rt1⋅
⌠

⌡

d+
β0−

0

β tz0t2 β t( )( )2 rt2⋅
⌠

⌡

d+










⋅:=

z0t´ αt( ) x0t´ αt( ) i y0t´ αt( )⋅+:= σ2 σ2
1

Lt 0

2 β´0⋅

α t´z0t´ α t´( )( )2 rt´⋅
⌠

⌡

d⋅+:= σ2 2.794mm
2

=

ss α( ) s α( ) lt+:= κs
1

σ2 Lt
2

⋅ π

π ψ0+

αss α( ) z0s α( )( )2⋅ rs α( )⋅
⌠

⌡

d⋅:=

st2 β t( ) rt2 β0 β t+( )⋅:= st1 αt( ) rt2 β0⋅ rt1 α t⋅+( ):=

κ t
1

σ2 Lt
2

⋅ β0−

0

β tst2 β t( ) z0t2 β t( )( )2⋅ rt2⋅
⌠

⌡

d

0

π

α tst1 αt( ) z0t1 αt( )( )2⋅ rt1⋅
⌠

⌡

d+










⋅:=

st´ αt´( ) rt´ αt´⋅ L+ lt+:=

κ t´
1

σ2 Lt
2

⋅ 0

2 β´0⋅

α t´st´ α t´( ) z0t´ α t´( )( )2⋅ rt´⋅
⌠

⌡

d











⋅:= κ κ t κs+ κ t´+:= κ 0.372=

∆∆∆∆s θ( )
i θ⋅

Lt
π

π ψ0+

αz0s α( ) exp i θ⋅
ss α( )

Lt
⋅









⋅ rs α( )⋅
⌠


⌡

d⋅:= ∆∆∆∆s θ 0( ) 0.164 0.043i+ mm=

∆∆∆∆t θ( )
i θ⋅

Lt
β0−

0

β tz0t2 β t( ) exp i
θ

Lt
⋅ st2 β t( )⋅









⋅ rt2⋅
⌠


⌡

d

0

π

α tz0t1 αt( ) exp i
θ

Lt
⋅ st1 α t( )⋅









⋅ rt1⋅
⌠


⌡

d+













⋅:=

∆∆∆∆t θ 0( ) 0.164− 0.049i− mm=

∆∆∆∆t´ θ( )
i θ⋅

Lt
0

2 β´0⋅

αt´z0t´ α t´( ) exp i
θ

Lt
⋅ st´ α t´( )⋅









⋅ rt´⋅
⌠


⌡

d











⋅:= ∆∆∆∆t´ θ 0( ) 0.013 0.015i+ mm=

∆∆∆∆1 θ( ) ∆∆∆∆t θ( ) ∆∆∆∆s θ( )+ ∆∆∆∆t´ θ( )+:= ∆∆∆∆1 θ 0( ) 0.014 8.409i 10
3−

×+ mm=

ζ θ( ) i−
θ
∆∆∆∆1 θ( )

d

d
⋅ κ ∆∆∆∆1 θ( )⋅−:= ζ θ0( ) 2.206− 10

3−
× 7.88i 10

3−
×− mm=
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ζs θ( )
1

Lt
π

π ψ0+

αz0s α( ) e

i θ⋅
ss α( )

Lt

⋅

⋅ 1 i θ⋅
ss α( )

Lt
κ−









⋅+








⋅ rs α( )⋅

⌠




⌡

d⋅:=

ζt2 θ( )
1

Lt
β0−

0

β tz0t2 β t( ) e

i θ⋅
st2 β t( )

Lt

⋅

⋅ 1 i θ⋅
st2 β t( )

Lt
κ−









⋅+








⋅ rt2⋅

⌠




⌡

d⋅:=

ζt1 θ( )
1

Lt
0

π

αtz0t1 αt( ) e

i θ⋅
st1 αt( )

Lt

⋅

⋅ 1 i θ⋅
st1 α t( )

Lt
κ−









⋅+








⋅ rt1⋅

⌠




⌡

d⋅:= ζt θ( ) ζt2 θ( ) ζt1 θ( )+:=

ζt´ θ( )
1

Lt
0

2 β´0⋅

αt´z0t´ αt´( ) e

i θ⋅
st´ αt´( )

Lt

⋅

⋅ 1 i θ⋅
st´ αt´( )

Lt
κ−









⋅+








⋅ rt´⋅

⌠




⌡

d⋅:=

ζ θ( ) ζt θ( ) ζs θ( )+ ζt´ θ( )+:= ζ θ0( ) 2.206− 10
3−

× 7.88i 10
3−

×− mm=

Approximations de Haag

Paramètres de la courbe terminale externe

X0t1 αt( ) rA rt1− rt1 cos α t( )⋅+:= Y0t1 αt( ) rt1 sin αt( )⋅:= X0t2 β t( ) rt2− cos β t( )⋅:= Y0t2 β t( ) rt2− sin β t( )⋅:=

X1

1

rA
2

0

π

αX0t1 α( ) rt1⋅
⌠

⌡

d

0

β0

βX0t2 β( ) rt2⋅
⌠

⌡

d+










⋅:= X1 0=

Y1

1

rA
2

0

π

αY0t1 α( ) rt1⋅
⌠

⌡

d

0

β0

βY0t2 β( ) rt2⋅
⌠

⌡

d+










⋅ 1−:= Y1 0=

ρ1 X1
2

Y1
2

+:= ϕ1 Atan X1 Y1,( ):= ρ1 0= ϕ1 270 deg=

X2

1

rA
3

0

π

αrt1 α⋅ X0t1 α( )⋅ rt1⋅
⌠

⌡

d

0

β0

βrt1 π⋅ rt2 β⋅+( ) X0t2 β( )⋅ rt2⋅
⌠

⌡

d+










⋅ 1+:=

Y2

1

rA
3

0

π

αrt1 α⋅ Y0t1 α( )⋅ rt1⋅
⌠

⌡

d

0

β0

βrt1 π⋅ rt2 β⋅+( ) Y0t2 β( )⋅ rt2⋅
⌠

⌡

d+










⋅:=

ρ2 X2
2

Y2
2

+:= ϕ2 Atan X2 Y2,( ):= ρ2 1.055= ϕ2 147.579 deg=
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Anisochronisme en position V 

Paramètres de la courbe terminale interne

X0t´ αt´( ) rB rt´− rt´ cos αt´( )⋅+:= Y0t´ αt´( ) rt´ sin αt´( )⋅:= Z0t´ α( ) X0t´ α( ) i Y0t´ α( )⋅+:=

Z´1
1

rB
2

0

2 β´0⋅

αZ0t´ α( ) rt´⋅
⌠

⌡

d⋅ i−:= ρ´1 Z´1:= ϕ´1 arg Z´1( ):=

ρ´1 0= ϕ´1 25.264− deg=

Z´2
1

rB
3

0

2 β´0⋅

αrt´ α⋅ Z0t´ α( )⋅ rt´⋅
⌠

⌡

d⋅ 1+:= ρ´2 Z´2:= ϕ´2 arg Z´2( ):=

ρ´2 1.074= ϕ´2 145.651deg=

Formule de Haag avec κ = 1/3 OA rA e
i π⋅

⋅:= OB rB e
i π ψ0+( )⋅

⋅:=

ζ1ah θ( )
1

3 Lt⋅
rA ρ1⋅ e

i− ϕ1⋅
⋅ 3 i θ⋅−( )⋅

θ

Lt
rA

2
⋅ ρ2⋅ e

i− ϕ2⋅
⋅ 6 i⋅ θ+( )⋅−









⋅ OA⋅:=

ζ2ah θ( )
1

3 Lt⋅
rB ρ´1⋅ e

i ϕ´1⋅
⋅ 3 2 i⋅ θ⋅+( )⋅

θ

Lt
rB

2
⋅ ρ´2⋅ e

i ϕ´2⋅
⋅ 6 i⋅ 2 θ⋅−( )⋅+









⋅ OB⋅ e
i θ⋅

⋅:= ζah θ( ) ζ1ah θ( ) ζ2ah θ( )+:=

Courbes Phillips ζaPh θ( )
θ

3 Lt
2

⋅
rA

2
− ρ2⋅ e

i− ϕ2⋅
⋅ 6 i⋅ θ+( )⋅ OA⋅ rB

2
ρ´2⋅ e

i ϕ´2⋅
⋅ 6 i⋅ 2 θ⋅−( )⋅ OB⋅ e

i θ⋅
⋅+





⋅:=

Graphes du déplacement du centre de gravité

n 201:= i 0 n 1−..:= ∆θ
4 π⋅

n 1−
:= θ i 2− π⋅ i ∆θ⋅+:= ξG

i
Re ζ θ i( )( ):= ηG

i
Im ζ θ i( )( ):=

ξaG
i

Re ζah θ i( )( ):= ηaG
i

Im ζah θ i( )( ):= ξaPh
i

Re ζaPh θ i( )( ):= ηaPh
i

Im ζaPh θ i( )( ):=

0.025 0.02 0.015 0.01 0.005 0 0.005

0.01

0.005

0.005

0.01

ηG

mm

ηaG

mm

ηaPh

mm

ξG

mm

ξaG

mm
,

ξaPh

mm
,
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Courbes externe et interne

Anisochronisme en position V 

Perturbation de période - spiral non déformé en position de repos

Calcul par intégrations numériques

η θ( ) Im ζ θ( )( ):= Gamma θ( ) ms− g⋅
θ
η θ( )

d

d
⋅:=

θ ϕ( ) θ0 cos ϕ( )⋅:= Delta θ0( ) L

2 π⋅ θ0⋅ E⋅ I33⋅
0

2 π⋅

ϕGamma θ0 cos ϕ( )⋅( ) cos ϕ( )⋅
⌠

⌡

d⋅:= Delta θ0( ) 3.661 10
6−

×=

Zs θ0( ) 1

Lt
2

π

π ψ0+

αz0s α( ) ss α( )⋅ κ
ss α( )

Lt
−








J0 θ0

ss α( )

Lt
⋅









⋅
1

θ0
J1 θ0

ss α( )

Lt
⋅









⋅−








⋅ rs α( )⋅
⌠


⌡

d⋅:=

Zt2 θ0( )
rt2

Lt
2

β0−

0

β tz0t2 β t( ) st2 β t( )⋅ κ
st2 β t( )

Lt
−








J0 θ0

st2 β t( )
Lt

⋅








⋅
1

θ0
J1 θ0

st2 β t( )
Lt

⋅








⋅−








⋅
⌠


⌡

d⋅:=

Zt1 θ0( )
rt1

Lt
2

0

π

α tz0t1 α t( ) st1 αt( )⋅ κ
st1 αt( )

Lt
−








J0 θ0

st1 αt( )
Lt

⋅








⋅
1

θ0
J1 θ0

st1 αt( )
Lt

⋅








⋅−








⋅
⌠

⌡

d⋅:=

Zt´ θ0( )
rt´

Lt
2

0

2 β´0⋅

α t´z0t´ αt´( ) st´ αt´( )⋅ κ
st´ αt´( )

Lt
−








J0 θ0

st´ αt´( )
Lt

⋅








⋅
1

θ0
J1 θ0

st´ αt´( )
Lt

⋅








⋅−








⋅
⌠


⌡

d⋅:=

Z θ0( ) Zt2 θ0( ) Zt1 θ0( )+ Zs θ0( )+ Zt´ θ0( )+:= Z θ0( ) 3.366− 10
4−

× 6.254i 10
5−

×− mm=

Delta θ0( ) g−
ms L⋅

E I33⋅
⋅ Im Z θ0( )( )⋅:= Delta θ0( ) 3.661 10

6−
×=

µ θ0( ) 86400− Delta θ0( )⋅:= µ θ0( ) 0.316−= µ 180 deg⋅( ) 0.284−=

Approximations de Haag

f θ0 s,( ) s

Lt
κ

s

Lt
−








J0 θ0

s

Lt
⋅









⋅
1

θ0
J1 θ0

s

Lt
⋅









⋅−








⋅:= f1 θ0 s,( )
s
f θ0 s,( )d

d
:=

Za θ0( ) 1

Lt
rA ρ1⋅ e

i− ϕ1⋅
⋅ 2 a⋅+





 f θ0 lt,( )⋅ rA

2
ρ2⋅ e

i− ϕ2⋅
⋅ f1 θ0 lt,( )⋅−





⋅ OA⋅:=

Za θ0( ) Za θ0( ) 1

Lt
rB ρ´1⋅ e

i ϕ´1⋅
⋅ 2 a⋅−





 f θ0 lt L+,( )⋅ rB

2
ρ´2⋅ e

i ϕ´2⋅
⋅ f1 θ0 lt L+,( )⋅+





⋅ OB⋅+:=

δa θ0( ) g−
ms L⋅

E I33⋅
⋅ Im Za θ0( )( )⋅:= δa θ0( ) 1.853 10

6−
×=

µa θ0( ) 86400− δa θ0( )⋅:= µa θ0( ) 0.16−= µa 180 deg⋅( ) 0.134−=

F θ0( ) J0 θ0( ) θ0 J1 θ0( )⋅−:= F1 θ0( ) 1 κ−( ) J0 θ0( )⋅
1

θ0
J1 θ0( )⋅+:= F2 θ0( ) 2 J0 θ0( )⋅ 1 κ−( ) F θ0( )⋅+:=
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Zah θ0( ) κ

Lt
2

rA ρ1⋅ e
i− ϕ1⋅

⋅ 2 a⋅+




 lt⋅ rA

2
ρ2⋅ e

i− ϕ2⋅
⋅−





⋅ OA⋅:=

Zah θ0( ) Zah θ0( ) 1

Lt
rB ρ´1⋅ e

i ϕ´1⋅
⋅ 2 a⋅−





 F1 θ0( )⋅

rB
2

Lt
ρ´2⋅ e

i ϕ´2⋅
⋅ F2 θ0( )⋅+









⋅ OB⋅−:=

δah θ0( ) g−
ms L⋅

E I33⋅
⋅ Im Zah θ0( )( )⋅:= δah θ0( ) 8.419 10

6−
×=

µah θ0( ) 86400− δah θ0( )⋅:= µah θ0( ) 0.727−= µah 180 deg⋅( ) 0.62−=

Cas de courbes Phillips

ZPh θ0( ) κ

Lt
2

2 a⋅ lt⋅ rA
2
ρ2⋅ e

i− ϕ2⋅
⋅−





⋅ OA⋅

1

Lt
2− a⋅( ) F1 θ0( )⋅

rB
2

Lt
ρ´2⋅ e

i ϕ´2⋅
⋅ F2 θ0( )⋅+









⋅ OB⋅−:=

δPh θ0( ) g−
ms L⋅

E I33⋅
⋅ Im ZPh θ0( )( )⋅:= δPh θ0( ) 8.419 10

6−
×=

µPh θ0( ) 86400− δPh θ0( )⋅:= µPh θ0( ) 0.727−= µPh 180 deg⋅( ) 0.62−=

Approximations supplémentaires avec κ = 1/3 et lt << Lt

U θ0( ) 2

3
J0 θ0( )⋅

1

θ0
J1 θ0( )+:=

ZaPh θ0( )
rA

2
−

3 Lt
2

⋅
ρ2⋅ e

i− ϕ2⋅
⋅ OA⋅

2 rB
2

⋅

3 Lt
2

⋅
ρ´2⋅ e

i ϕ´2⋅
⋅ 3 J0 θ0( )⋅ F θ0( )+( )⋅ OB⋅−

2 a⋅

Lt
U θ0( )⋅ OB⋅+:=

δaPh θ0( ) g−
ms L⋅

E I33⋅
⋅ Im ZaPh θ0( )( )⋅:= δaPh θ0( ) 7.304 10

6−
×=

µaPh θ0( ) 86400− δaPh θ0( )⋅:= µaPh θ0( ) 0.631−= µaPh 180 deg⋅( ) 0.51−=

θm 100 deg⋅ 105 deg⋅, 360 deg⋅..:=
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µ θm( )
µa θm( )
µah θm( )
µPh θm( )
µaPh θm( )

θm deg
1−

⋅

Influence de la position du point de raccordement de la courbe terminale interne

OB αB( ) rB e
i αB⋅

⋅:= αB1

3 π⋅

2
:= αB2

π

2
:= ϕ2 k p,( ) 2 k⋅ π⋅ p π⋅+ ψ0−:=

ZaPh θ0 αB, p,( )
rA

2
−

3 Lt
2

⋅
ρ2⋅ e

i p⋅ π⋅
⋅

rA

rB
⋅

2 a⋅

Lt
U θ0( )⋅+










OB αB( )⋅:=

δaPh θ0 αB, p,( ) g−
ms L⋅

E I33⋅
⋅ Im ZaPh θ0 αB, p,( )( )⋅:= µaPh θ0 αB, p,( ) 86400− δaPh θ0 αB, p,( )⋅:=

100 150 200 250 300 350 400

3

2

1

1

2

3

µaPh θm αB1, 1,( )
µaPh θm αB2, 1,( )

θm deg
1−

⋅
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